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Abstract :

A concrete monoid over a category C is a subset of
the endomorphisms of an object of C containing the
identity and closed under composition To contrast
an abstract monoid is just a one object category.

There is a natural notion of division between
concrete monoids distinct from the usual division
of abstract monoids This concrete division is
identied via two examples and then dened giving
rise to a bicategory of concrete monoids over C
whose arrows are concrete divisions The Poincare
classes of the arrows of this bicategory are found to
have a simple and appealing characterization
allowing us to dene a category of concrete monoids
over C.

These denitions are illustrated with examples from
the theories of semigroups, matrices, vines and
automata With the aid of these denitions, we make
functorial the well known constructions of the
action monoid of an automaton, and the
endomorphism monoid of an object of a category.

Introduction

It is always a delicate matter to discuss
mathematics informally,but in questions of
motivation it often becomes necessary Therefore
we begin with an informal account of the
motivation for this work and ask the reader to bear
in mind that when we use expressions such as *

abstract’ or ‘concrete’ or ‘interpretation’
we do not intend them yet to have a technical
meaning This paper is based on the premise that
there is a natural distinction between the property
of being abstract or concrete To illustrate, one
might say that an abstract set is one in which the
elements have no particular interpretation, whereas
a concrete set is one in which each element is to be
interpreted as something For example: a set with
three elements is an abstract set while a set of three
oranges is a concrete set each of its elements is to

be interpreted as a particular orange real or
imaginary While it may seem churlish to make this
distinction in the case that the set is the set of
elements of a monoid.we give a number of
examples which showthat the natural structural
relationships between monoids whose sets of
elements are abstract sets are different from the
natural structural relationships between monoids
whose sets of elements are concrete sets .

The primary examples of structural relationships
between abstract monoids are the embedding and
the quotient These are both readily (and often gen
eralized to division crudely speaking) the monoid B
divides the monoid A if B can be viewed as a
submonoid of A when one ignores some of the
structure of A (Formally, B divides A if there is
asubmonoid C of A with B a quotient of
C)Birkhoff’s Variety Theorem for abstract
algebras. Reiter Mann’s Theorem for nite algebras,
and the Krohn-Rhodes Theorem all attest to the
fundamental  importance of the  division
relationship.

In the following examples, we show that when the
structure of the ‘things” which make up the set of
elements of a concrete monoid are taken into
account the relationship of division is strengthened
This stronger notion of division for concrete
monoids which respects the structure of the
elements of the monoid will be called a concrete
division and this paper is devoted to finding a
general denition for this stronger notion In
particular, we use concrete division to construct a
very simply defined morphism between concrete
monoids which has an associative composition and
hence we derive a category of concrete monoids.
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The purpose of this paper is threefold, Then removing Uhe third string gives the eoneree guatient () generated by the
¢ Ts gie o general mathemabical setfing for the 1deas disemssed above and single braid o;

llustrofed by the ezamgles below, This formiadization will hopefully ccount

for ali particulor instanees of this fype of confruction. /

v T coneince fhe reder (parficularly the semigrogp thesrit| Hhat @ good 0=
gencral question when shudying conerefe mongids & *What are the conerefe
divizars of this monpid”.

v Ty put Jorth the possiility that the category of comerete manoide will b /

wseful tn making fnclenal raness consfruchions of concrebe monotds from
other mathematical oljects with a quotient map defined by 0.6 0.

In {he example ahove, since 3 i a submonoid of By, the braid goup o
. : Jetrings. the coneeete quotient () of M also gives rise to an olwvicus concrete
eements are braids gensraled by the elements o aud § depicted beovi division of By by (). Another example of a conerete divicion m the case

that the momoids are transformation movoids will convince the reader of the
diversity of situations i which constructions of this type arise.
Example 1.2 A concrete division] This example concerns the case when the
elements af the monoid are endofimetions of & set. (That is. the monsid & &
_ o frans formotron manotd|
= b= ! )
#

Example 1.1 | conerete quotient | Consiter the conerete monoad M whese

A monoid A of transformations of a set X will be represented as a table —
each row of the table sepresents an element of the monoid and each colamn
repeesents an element of the set. The fth entry in the row rorresponding to
g€ A5 alil the vale of aat 1. The tap row represelmslthe ientity elemenl.

'

(=]

1 234

21232

121
2
Consider the trmsformalion monnds 4 = adB=17 9 3.

33

(2]

33 2]3
342

Ve find B by ‘Bltenmg 4 — by first dEthiJ].gSD]IEE.ﬁI the rows of the table
(mot the top row|, m sueh & way that the set of remaining rows 15 closed
under compasition. and then deleting some of the columps, ensuring that the
remaining entries of the table cousist only of elements whose rolumns haw
oot heen deleted. |In the table above, we have deleted column 4 and rows
7. In short, we have found a submonoid N of 4 and asubset Vol X, such

L



that for each n € Ny € ¥ nig| € V. To make the remaining part of the
table into the transformation monoid B, we vollapse denticel rows, We now
say that By is a conerety dietsar of the momoid Ay

E this process is repeated with B to give & transformation manek] . then
(" mav be derived from A by & single step of deleting rows and columns and
ol lapsing inlentieal rows, This defines a omposition of conente divisians,

A5 an examgle of where these comstructions anse. the conerete quotiest
eonstructing hetworm pormut atian groeps s emploved in algorithms 1o find the
chef senies and the svlow suhgroups of a permntation group, Tee problem
slved for several comerete quotients and then the answers are “sewn logether”
to gve an answer for the origiual permmtation group 1] 3|

The first part of this paper is devated (o making this notion of a comeete
ivision precise, and 10 defming the cetegory Come|C) whose objects ame
entezete monoids over C and whose arows are equivakence elasses of conemte
tivisiors (i the example shave. there woudd be an arrow from Bt ).

The rather Grhiddmg lengik of the following formalization & due fo the
fart that, being of general matkematscal mtersst, the development has been
e entirely sedf contaimed and assumes no peior knowkdge of ealegory the-
i hewond basie definitinas and coneepls,

Part A - Theory

This part = asvstematic approach to the defmition of the categury Come|C of
coterele monoids over C, In Section 2, wo meed] the definition of 4 birategury
and illustrate it tn Sectiom 3 with some relevant evamples.

The estopury Heps(C) whese objpets ae monoid repressmtalions over C
5 cefined m Section 4, and several wseful thearems e proved. We tap 8
detonr i Sertion 3 to explain how the well estahlished notions of momphism.
relational marphism and diesston of monaid represestations over Set ff ot
(be Eramsework constrocted so far

Finally, in Section G we stuly the bicstogry of conerele divisions. whese
abjeets are conerele monoids aud whose arrows aze the comerele divishns
descrthed n the mtroduction. Through & thoeough anderstanding of this
biategorr, we derive the eategory Cone|C| which i applind to various diverse
situations in Part B,

International Research Journal of Infinite Innovations in Engineering and Technology (IJIIET) ISSN: 2349-2287

Vol 1, Issue No 1, 2021

2 DBicategories

In b seminal wark [3) Benabou defines a hicategory. Far completeness. we
repeat (his defimition and an evample almost wrbatim. A bieatogory S is
determined by the fllowme data:

B Aset 06S) called the set of obectsof 5.

BHI Foreach pair [4. B} of objects of § a category §[4. B). An object

Sof §i4 B) i called an arrow of S and written 4 3B 1S and
T are ohjects of $4. B), an arvow ¢ of 5[4, B) between S and T is
called 8 2eell of § and will be written § = T or more usually

Compasition in the category A, B| will thus correspond to the
pasting

which is reforred to as certical compasition of 2-celk.

BT For each triple (4, B, C) of abjects of S a funetor oy 5o 84, Bl x
S8, C) =814, C) which is called the composttion funetorof S. For

A3 Band B Cowite ToS fir eqgelST) HSS &
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a amow of 5|4 Bl and T LT amow of 8.} then wmite
fosfureqpelsfl, Then the camposition fmetor eorespands to
the ]mlin;

ANV T st /TN
WAL ey

which is referred to as Rertzental compesition of 2eells.

BV For each object A of S objert Iy of 54, 4| called the denity
arrorof A The identity morphism of [y iS4, 4] is denoted 13
and calkd the identty 2-cefl of 4.

B For each quadruple (A B.C. D) of hjects of & a nabural isomer-
phism a5 - between the two fumetors oy oo €6 0p ) and
toen leage % ofl fom SI4. B % 818, C) ¢ SIC. D) 10 S14. D),
In particalar, if (S T.0) & S04, B) x SB.C) x SIC. D) this givs
a omponent isomompaism betwees [ ofT o8} and [[oT} o8

BT For each pair (4, B of ohjpets of S natural isomorphisms [ p and

45 Called the el and right wlentities:

1

15848 —=5(4, 4| 154 B)

Ciug

and

T [T EL— T T

v

FIEN i

fipg

Here we write 1 for the trivial category and 1 2 514, 4) for the
unigue functor with valoe I, For eack S € 54 B), the eft and
right identities give rise to romponent isomorphisms [5 05 2 § and
Solg2 s

B-V11 The data ahove are alse requived to satisfy the fallowing coheren ce
oomilifions;
(1) I (V.E0T.8) is an object of S(4. B} x S(B.C) x $(C, D) x
51D, E| then the following diagram commuies;
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ST U oid ;
[[SDTlDU]D‘JL'L"‘J”_" [SD[TDU”D‘.

a8 T.U V) J

af§.Tal V)
(§aT)a[lla V] Sof[Tall|al)
al 8T, f"ﬂx AT. 0¥

So[To(laV]|
This condition is known as associativity coherence.
(2) The following diagram commutes:

iy paelSIpT
[SolgjeT ————————— So|lgeT|

T.lﬁ[h Aclﬂ
JoT

This condition is known as identity coherence,

21 From Weategories fo categories

A bivategory is not necessarily a category — compesition of armows is anly
wsoctative up fo isomorphsm. However, for any bicategoey S, there are two
closely related categories whach capture much of the structuze of § — the
clussifyimg cufegory and the Poincaré eategory of 5 [3,

The elassifying categorg of § 15 the pasier to defme. Its ohjets are the
abjerts of § and its armows & isomorphism ¢lases of wraws of & [ 5 €
S|4 B)and T £ §1B,C) and if S denotes the isomorphism class of S, then
the composition of (8] and [T] in the classifying category of Sis defined ta
be 1o ] The associative law now holds for compasition of arrows, dinee by
ariom BV dhose, there s a Jeel somorphism fram (ST ol to So{Tol].

To define the Poincaré categary, recall from |16 page 8] that 2 calegory
C s sal to be conneeted if for any two abjects A, B of C there 15 a finite
sequence A = A 4y, A, = B of objpets of C. and for each 1 < 5, 0
atrow A = i o anamow 4 A, I [16 pag 88 Ex. 7]t 5 stated
that every category 5 the disjoint union of comnected categores, called 1ts
connerted companents. We may define an equivalence relation on the objpcts
of acategory by A ~_ Bif 4 and B belong to the same connected rompanent.

The objects of the Patncare cofeery are the objects of § and ils arrows
are ~ equivalence classes of amows of 8. Composition 1s defined & i the
¢lassifying rategory: That this is & categary fallows by induction from BHIL
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1 Examples of Bicategories

Let A wnd B be objets in a category C. 4 span from A to B s a triple
(f. &) where 4 54 Bisa disgram of C. One of the many eramples
of & bicategory cited in 3] 5 SpaniC]. the bicategory of spams in €. Let €
be any categary with pullbacs, tagether with some rtra structaee - namely,
a chosen pullback for every diagram of the form -+« & . We naw define
the bicategory Span|C) of spans of C with respect to this structure. Since 3
pullback is ouly nminee wp to Somorphism, anather choice of pullbacks woald
gve another beategry which i isomorphe to the first.

S The abjects of Span|C ) are the objects of C.

1 For eack pair (4, B) ofabpets of C. the category Spanid, B bs
chjects spans [}, .g). An serom of Span(4. B) fom 4 £ 5 5 B
WL ALE Y T— that [+ b = f and
¢ h=y. Composition in Span(A, B! s inherited from C

S0 The commosition fnetor is defimed on arrows by taking the diosen
pullback 2= m the fallowing diagram:

NN

..:lkﬁ]-

aul then setting (b T k|olf 59| = frq 5% T key|. Horimontd
camposition of Zeelks i performed usimg the universal property of
puilbacks

The remaining detalks of (hs defimition are feft 0 the wader,

3.0 Bientegorres from & revadar cotegory: Rel|C), Rel*{C) and Dw(C),

When C & a regular category (2 notion we will define presently|, 1t ks possi-
tle to eonstruet bicateries Rel|C} Rel'|C| and Dw(C| whase arows am.
respectelr, relations. totally deined relations. and divssioas between objects
i C.

J11 Regular cotayomes
Fir some catery C. Fellowing [13] we defie & stromg eprmarghiam of € fa
b &n epimarphisen f suek (hat

Vol 1, Issue No 1, 2021

& iy commutizg diggram with | monomerphic, then there = & (necessanly
e | e, called the f-in. makmp the Bllowing dizgram commte,
f

W tepeat here some useful facts about strong epimarphisms which are taken
from [13.

Proposition 3.1 Sfrong epimorphisms are closed under composthon and night
divisiam, 0

Proposition 3.2 An arrow which is both o monoamorphism and strong epi-
morphiam is an isomerphism, o

1§ f factors & ipwhere 1 & a monomorphism and pis astrong epimarphism,
then we refer to ip as a canonieal factortzation of [,

Proposition 3.3 Cononical factorizations are essentially anique. That i3 fo
say, if [ = ip=jg with e, j menemorphisms aad pg strong epimorphisms,
then there t3 an tsomorphism ¢ making the followany diogram commute,

1 2
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Suppese A + B b casonial Ertonzalis gp with pd = Ol
i =+ B then & & resubt of Proposition 3.3 we are able 1o reber fo C s the
mage of |,

Finally, folowing [, we are able to define a regular categorr,

Defirition 34 A realor extegery is @ cabegory in whoch:

(L) Every amow has & canonical fartonzation;

(2) All fmite [mits exist

(3] Srong epimarphisms are stable — e, W every pullback diagram :
pctired below, fis a strong epimorphism implies that [ & a stron
epimarphisin

Some examples af relar categaries:

» et —the categary of sels and funelions, The strang epimorphisms
|which are all of the epimorphisms| are the surjective fupctions,

» Mon —the category of monoids and monoid bomomorphisms, The
strong epimorphisms are the sarective moneid komomorphisms.
These are not, however, all the epimoaephisms,

Anexample |cited in [1]) of an epimorphism in Mo which is nat
surjective & the cananical inelusion |as multiplicative monoids | of
{be integess into the rationals,

For the remainder of Section 3.1 C will denote a regular categary.

Vol 1, Issue No 1, 2021

412 The hicategory Rel(C|
We defme the bicategory Rell C), which in the case that C = Set. has sets &
ohjerts and an arvow from (e set A to the set B will be a subset of 4 x B,
Let C be & regular categary and let 4. B be objects of C. Following [f],
ardation B4 = Bin C 5 a span from A to B such that if 54 = B
& any other span, then there &= at most one 2cell in Span|C) from S to R
It 15 an pasy exercie to see that for any relation B = (f, R g), the amow
(gl = Ax Bis monk., Coversely, if £ R = 4 x B is manic, then
[ryt, R7gi)is arelation,

Definition 3.5 Every span 8= ([, 5, g). defines arelation: et § % (0 5 Ax
Bbe the cananical factorization of (f, g): § =+ A x B, Then @ = {741, @, 75|
& a relation and pis & 2cell from 5 to (). Such 15 unigue up to isomorphism,
bience we call it the relafion defined by 5.

The bicategary Rel|C | of relations in C is defined as follows:
Rel-l The abjects of Rel(C| are the objects of C.
RelH1 The arrows of Rel(C| are the wlations in €. The 2eells are the

Leells of Span(C|. That is, for any objerts A, B of C. the category
Rel{Cl{4, B|is the fall subeategory of Span|C)[4, B) whose ohjerts
are the relatians,

RelIl The composite of the relations R A <+ Bad 88 = Cis
obtained by composing as spans and then taking the relation defined
biv-the compasite span.

The remaining details of this definition are left to the reader. As ane would
hope. if C =Set, then the composite of R and S in Rel[C) is the set {{a.c) |
(a b € R (b} € & for some b€ B]

An Introduction to Vines

In this section, % give an informal introduction to Lavers' theary of vines
13, and from this basis, develap the category Vine of vines and investigate
the eategory of concrete vine moncids. The reader 5 assumed to be familiar
with Artin's theory of braids |2, The category Vine s not remlar (sinee it
5 not fmite complete | md so peovides us with au example of acategory from
which we can construel Cone(Vine) but nat Dv|Reps| Vine)|

In the following discussion |n] will refer ta the set {1,2.... 5}, with the
usual total order. Fixn > 0. An nbraid is 2 set of moarcs in B from the
n nitial nodes Tin) = {(7,0.1) | 1 € [n]} to the n termind nodes T{n) =
{[L0.0) | ¢ € Jni}. each of which is strictly decreasing in the =conrdinate.
Exery braid may be regarded & a product of the 2(n -1 generatars, pictured
below for 1 <4<n-1
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l“'!,(T i II
il

Tom Tiraids ave regandnl & quivalent if thev can he deformed, oue into the
ither. by & homatopy & in the following diagram.

'

Rather than give a formal defiition for vines, we ey on the rader’s intuition
whout braids and some dlominating exampls, A mog from Iin| to Tin|
mar be wnitten s a product of the generatons o, ad o™ & pictured abore
together mth the penerators g, showe bebow, where [ <1< -1

J|

I

-
-
-
=

As a vosult, the strings of a vine may merge. but nol sepegate. Among the
bomatogy equivalees plations we hame o = 07y = g, meaning that
strings can bwist and untwst hout & in, Some examples of pquivalent viees
folkw,
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/ v

e r"l(n

(Note: The word ‘vine' may be taken to mean either the set of arcs or, the
homotopy equivalence class of the set of arcs, depending on the context,)
As with braids, composition is given by concatenation and shrinkage, and is
a well-defined and associative operation on homotopy equivalence classes of
vines, Note that if astring in the concalenation is not connected to any initial
node, it is homotopically shrunk to a point. An example of composition of

vines follows,
.kfk :

( N

The set of equivalence classes of vines 15 a monoid with the same identity
element as the braid proup — a string connects the ith initial node to the ith
terminal nade with oo intertwining or joining of the strings. Defining relations
for the monoid of &l vines on n nodes are given in [L3].

Lavers' vines alwavs go from n initial nodes ta n terminal nodes, We make
hieze the straightforward gener ization that a vioe may go from [(n) to Tim)
where 1 is not necessanly equal to m — it consists of n strings connectad
to each of the n initial nodes, each string ending at a node in Tim ), This
will be known 48 an n - m vine, Composition of vines is then onlv allowed
when the mumber of terminal nades of the first vine is equal to the onmber
of initial nodes of the second. This generalization permits us to define the
valegory Vine whose objects are the natural numbers 01,2, and whose
arraws from n tom are precisely the {homotopy equivalenes classes of | n = m
vines

Definition 13.1 If v is an n = m vine, let 7 denote the map [n] ~ m] that
maps i to k if the ith string meets the kth terminal node (k.0.0) € Tim).
The map 7 will be called the function associated with .

Proposition 13.2 There 1s a functor Vine — Set which takes n fo Jn] an

then = m-vinet fo 7. a

A simple vine s one which is hometopic to a vine in which the string



International Research Journal of Infinite Innovations in Engineering and Technology (IJIIET) ISSN: 2349-2287

never intertwine, Some stmple vines are pictured below.

/ ’

' '
A bruidis & vine which has oo joins, that i 1o say, a vine v soch (hat 7 is
mpective,

Proposition 13.3 The smple n — n-eines form & monoid isemorphie fo fhe
monaid af order-preseremg trausformations of {1 2. . n}. The isomorphtsm
is groen by mapping o fo ¥, the function nssocaded with v, i

The fullowing theorem & a divect consequente of [13 Theorem 2]

Theorem 134 Every vine v : m — n con be written v = b where f 12 ¢
m = m-brand and e:m = 15 & stmple vne, 3

Lemma 13.5 Every breid n = pon> U hos o left inerse.

Proof. Tet f:n = pheabraid. Consider the pieture oltained by eBection
ol fm the z—yplane. This may ot be 2 vime siace there is sot necessarily an
e pmanating from every node i the top plane of the reflection. Construct
a vine by adding ares emamating from top nodes which are nat alveady al
the top of an are, The bottom nodes at which they terminate may be ciosen
arbitrarily. Call the vine so obéained [/, Them it is clear that ['f=1,. C

An example of the construction of Lemma 133 is pictured belaw,

i
Y/

AL A

Theorem 13.6 Bruids are the monic arrows of Vine.

Proof. By Lemma 13,5 we see that braids n = pon > [ae certainly monic.
Further, simee there are is only one arvow into 0 every braid | = p & mon,
thus all braids are monie, Comversely suppese the vine & m = n 5 nat
a braid. Wate [by Theorem 134) u = eb where b5 a m = m-braxd and
e:m = 1 s asimple vine, Lot 5 be the (group) inverse of b, Since b has
joims, there must be consecutive nodes indesed by 4.0+ 1 m J{m) such that

Vol 1, Issue No 1, 2021

Tli| =i+ 1), Let 5:2 = m be a braid which connects 1 £ 12| ta i € T{m)
wid 26 T2} toi+1 € Tim). Lot 4:2 < m be a braid which connects 1 € I(2)
toi+1€T(m) and 26 I12) to i € Tim). Then it is clear that

ub ™ s=bi's
=13
=l
=ub .
But since i & monic. §™'s # ', proving that v 5 not monic, O

The category Vine has itial object 0 and terminal abject 1 Thas we
may construet 1he eategory Cone(Vine). An abject of Cone(Vine) is ealled
i tine monoid

3.1 An arrow of Cone[Vine|.

Consider the vine manoid Ly on 3 strings woerated by pas in the followig
diagram,

4y

The smgle generatar pof 115,

This & clearly infinite, and does not contain the two element monaid N,
(shawn bebaw] a5 a submonoid.

]
The vine monaid Ny with elements {1, af.

However Ny may certainly be found as a divisor by the division ([, &), Ma. (Ly g))
where My[pl is defined ta be the 2+ine a, is 052 = J (shown in Figure
3, and ;M = N s the natural quotient, To see that |1, 5) 15 a arow
of Reps(Vine| simply notice that g3 (p| = Mslply & in Figuee 2 Note:
The arow n is not the smplest arcow from N, to 1 in Cone(Vine). We
deliberately chose a less obwious armw o order to show the robustness of the
intuition with respect to the possibilities allowed by the defmition.



e
Fig, L Foom left to right: . Myfpfo and nddyp).

13 From Vine to FreeGrp

Let {z;.7y....} be an infimite alphabet. Dezate by E, the free oup on

the geerators {1,....z, |. Let FreeGrp e the category whose objects are

Fo.n > 1| and whase arrows are all group homamorphisms betweon them, The

trivial group s free of ramk 0. 50 that itis inifial and fermimal i both FreeGrp

ind FreeGrp™. We can therefure speck of the rategory Cone(FreeGrp™?|.
Firstly. it is easy to see that

Proposition 13.7 Surjechire maps m FreeGep are epimorphic. [

Artin's famaus representation theorem states that every n = p-braid de
fimes an antomorphism on the free group of rank n, This procesds by identi
fring the free group with generators {z;. ..z, | with the bamotapy group o
{be plane with & puneture at each of the coondinates of I{n]. Then (he brai
arts o the fundamental group & in the following disgram.

[T %/ Y
[~ ] [~ ]

Via the ohservation that this action cam be revorsed, we formulate th

following represeniation thearem for vimes. 1t is the first part of (L3, Theoren

fi.

Theorem 138 The monoid 15 of ol m = n renes has o faithful contrasarion
epresentafion a¢ a monaid of edomarphisms of o free gwup F, of runkn
The representation ¢ induced by o mappmg (13 = End(F, | defmed by

1, if1gfii+l]
|;|E§||:I_i =t EII:H'I‘-_:- [J{-;I :i;

I ifj=t+l

International Research Journal of Infinite Innovations in Engineering and Technology (IJIIET) ISSN: 2349-2287

Vol 1, Issue No 1, 2021

md
1, if ig{ii+l)
gk =51 ofj=t

nfgf=i+l

[ 7 %
& [

Fie. 1. The coetravarint action of a ine oo a groeeatar of the fodsmental granp
of the puartened plane.

=1

=

This representation theorem is now used to define a functor [ Vine —
FreeGrp " which is faithful and preserves monos. and hence induces a faithful
functor Cone|Vine| — Cone(FreeGrp™),

Let m < g be positive integers. Define g £y =+ Fy to be the homomor-
phism which acts identicallv on the generator r; if i < m and maps 1, = |
athermise. Let iy, 2 By =+ F, be the natural injection.

Let e:m =+ be a vine and Jot ¢ be greater than both m and n. Define
+¥:g = ¢ to be the vine which is the same a v from the first m starting nodes
o the first n terminal nodes bt which has & simple vine from the starting
nodes numbered m + 1 through g, to the ¢ terminal node. = in the following

diagram,
VXV

(A ) F9 0 00
The vines e:4 = Jand 5,26 -+ 6.
When there can be no confusion as to the value of g, we will often write
% instead of 7},

Definition 13.9 Foreach object nof Vine define Tin) tobe E, in FreeGrp.

Let v:m —+n be a vioe, and let g be aov integer greater than both m and n.
Then Tl is the homomorphism gy mi (78100 B = Fa

This definition Is independent of g and corresponds to the act jon described
by Figure 4,
The following propesition is clear,
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Fag, 4 The gromeiric imerpretation of the action of 3 vie v:3 = 2 & a homoo
phismTie): Fs 4 By,

Proposition 13.10 Let £ — m — n be o dagram in Vine, and Ief ¢
greater than £ m and n, Then 738 =1

Lemma 13.11 T ic o fncfor Vine - FreeGrp'7,

Proof It & elear that T[L, | = 1. We just need to show that for e
diagram £ —+ m — n in Vine, Tlen| = [(a|Tfr) m FreeGrp
g > max{k.m n}. By definition Tlew) = g lvuling while TjuiT(e
Bib [ mghym e ing Now the image of ([ iz, Bes in the subgn
of E, generated by (2.2} upon which p,, acts dentically, so ¢
[ IT(e]) = ppa G JG {30 N

By Theorem 138 { &5 a contravariant monail homomorphism on abj)
s that ({+,)¢1%, ) = Ci73,). But by Proposition 13.10 5,5, =4, so !
Tl (e) = gyl Jin.g = lew) as roquired.

Lemma 13.12 The functor T is futhful,

Proof. Let o, r:m = n be vines, and let g be greater than both m and n. F
the remainder of this proof pwill denote p, and 1 will demote 4, ,. Suppos
[la] =Tle|. Then for all generators x; of Ky, plyilr;) = gl il
whence. for each generator £ of Fy with j < n
() sl =l ).

18ty ) were mt equal to ({7, ), then by the construction of 7 they woul
oaly differ on some generators .0 € % In combination with equatian |J
this vields p(ls, )(z;| = pCl ) r;) for all § < g

Suppose {(7,] # (). then for some r.0 € m ([ )im] # hlls
while bath (1 )iz} and (|7, )1z, | are elements of the subgroup (r,.....x,
if E,. b the construction of v, But pis injective an 1his suhgroup, therefor
§ =% )l ) for all generators oy of F. By Theorem 13,8, this impli

that 7, ==, and henee, by the comstruction of 7, ¢ = u. |

lemma 13.13 [fv 15 a monic e thew [y | 12 a surjective homomorphisn
and therefore & monic arose of FreeGrp ™.

Proof. Since a momic vine s a braid (b, say), any generating loap 1; at th
top may be “pushed down® via Arin's representation to get a loop 7 at th
biottam, When 7 & acted pan by T(h) we g r; back agam, Thus, ever
geeerating loop 3s in the image of [if) s required |
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