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Abstract : 

A concrete monoid over a category C is a subset of 

the endomorphisms of an object of C containing the 

identity and closed under composition To contrast 

an abstract monoid is just a one object category. 

 There is a natural notion of division between 

concrete monoids distinct from the usual division 

of abstract monoids This concrete division is 

identied via two examples and then dened giving 

rise to a bicategory of concrete monoids over C 

whose arrows are concrete divisions The Poincare 

classes of the arrows of this bicategory are found to 

have a simple and appealing characterization 

allowing us to dene a category of concrete monoids 

over C . 

These denitions are illustrated with examples from 

the theories of semigroups, matrices, vines and 

automata With the aid of these denitions, we make 

functorial the well known constructions of the 

action monoid of an automaton, and the 

endomorphism monoid of an object of a category. 

Introduction  

It is always a delicate matter to discuss 

mathematics informally,but in questions of 

motivation it often becomes necessary Therefore 

we begin with an informal account of the 

motivation for this work and ask the reader to bear 

in mind that when we use expressions such as ‘

 abstract’ or ‘concrete’ or ‘interpretation’ 

we do not intend them yet to have a technical 

meaning This paper is based on the premise that 

there is a natural distinction between the property 

of being abstract or concrete To illustrate, one 

might say that an abstract set is one in which the 

elements have no particular interpretation, whereas 

a concrete set is one in which each element is to be 

interpreted as something For example: a set with 

three elements is an abstract set while a set of three 

oranges is a concrete set each of its elements is to 

be interpreted as a particular orange real or 

imaginary While it may seem churlish to make this 

distinction in the case that the set is the set of 

elements of a monoid.we give a number of 

examples which showthat the natural structural 

relationships between monoids whose sets of 

elements are abstract sets are different from the 

natural structural relationships between monoids 

whose sets of elements are concrete sets . 

The primary examples of structural relationships 

between abstract monoids are the embedding and 

the quotient These are both readily (and often gen 

eralized to division crudely speaking) the monoid B 

divides the monoid A if B can be viewed as a 

submonoid of A when one ignores some of the 

structure of A (Formally, B divides A if there is 

asubmonoid C of A with B a quotient of 

C)Birkhoff’s Variety Theorem for abstract 

algebras. Reiter Mann’s Theorem for nite algebras, 

and the Krohn-Rhodes Theorem all attest to the 

fundamental importance of the division 

relationship. 

In the following examples, we show that when the 

structure of the ‘things’ which make up the set of 

elements of a concrete monoid are taken into 

account the relationship of division is strengthened 

This stronger notion of division for concrete 

monoids which respects the structure of the 

elements of the monoid will be called a concrete 

division and this paper is devoted to finding a 

general denition for this stronger notion In 

particular, we use concrete division to construct a 

very simply defined morphism between concrete 

monoids which has an associative composition and 

hence we derive a category of concrete monoids. 
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